ABSTRACT. Unlike Legendrian submanifolds, the deformation problem of coisotropic submanifolds can be obstructed. Starting from this observation, we single out in the contact setting the special class of integral coisotropic submanifolds as the direct generalization of Legendrian submanifolds for what concerns deformation and moduli theory. Indeed, being integral coisotropic is proved to be a rigid condition, and moreover the integral coisotropic deformation problem is unobstructed with discrete moduli space.
INTRODUCTION
In symplectic geometry, in consequence of the Lagrangian Neighborhood Theorem [11] , it is wellknown that the deformation problem under Hamiltonian equivalence of a compact Lagrangian submanifold S is controlled by its de Rham complex, so that it is unobstructed with local moduli space given by H 1 dR (S). Unlike Lagrangian submanifolds the deformation problem of coisotropic submanifolds is much more involved and hard to manage. Indeed in [5] the coisotropic deformation problem is proved to be controlled by an L ∞ -algebra, rather than a dg-space. Moreover the coisotropic deformation problem can be obstructed as explicitly shown in [12] . However, as pointed out in [6] , there is the still interesting class of integral coisotropic submanifolds, whose deformation theory resembles that one of Lagrangian submanifolds. Indeed the integral coisotropic deformation problem, under Hamiltonian equivalence, is unobstructed, with linear and finite-dimensional local moduli space.
It seems that the contact version of this picture has been only partially unveiled. Our note aims to fill in these gaps. In doing this we take advantage of the line bundle approach to precontact geometry presented in [10] .
In contact geometry, in consequence of the Legendrian Neighborhood Theorem [4] , it is well-known that compact Legendrian submanifolds are rigid, i.e. locally their smooth Legendrian deformations are induced by contact isotopies. Moreover their deformation problem under contact equivalence is controlled by an acyclic dg-space, so that it is unobstructed with discrete local moduli space (cf., e.g., [2, Section 6] ). As recently shown in [2] , in the contact setting as well, the coisotropic deformation problem is controlled by an L ∞ -algebra, rather than an acyclic dg-space. In this note we will explicitly construct a first example, in the contact setting, of coisotropic submanifold whose deformation problem is obstructed (Section 3.1). Further we will single out, in the contact setting, the special class of integral coisotropic submanifolds which behave like Legendrian submanifolds for what concerns deformation and moduli theory. Indeed we prove that compact integral coisotropic submanifolds are rigid, i.e. all their smooth integral coisotropic deformations are induced by contact isotopies (Theorem 4.5). Moreover their deformation problem under contact equivalence is unobstructed, with discrete local moduli space (Proposition 4.6).
The author is partially supported by GNSAGA of INdAM.
1.1. Organization of the paper. Closely following [10] Section 2 presents the line bundle approach to precontact geometry and its technical prerequisites: the functorial construction of the Atiyah algebroid of a vector bundle, and the associated Cartan calculus. In Section 3, after recalling the definition of coisotropic submanifold, we exhibit an explicit example in the contact setting when the coisotropic deformation problem is obstructed. Section 4 contains the main results of this paper. After introducing integral coisotropic submanifolds we stress their close connection with coisotropic contact reduction. Finally we prove that compact integral coisotropic submanifolds are rigid (Theorem 4.5), and moreover that their deformation problem under contact equivalence is unobstructed, with discrete local moduli space (Proposition 4.6).
A LINE BUNDLE APPROACH TO PRECONTACT GEOMETRY
Let C be an hyperplane distribution on a manifold M . Fix a line bundle L → M , and a nowhere zero L-valued 1-form ϑ : T M → L. Assume that C and ϑ are related by the condition ker ϑ = C, so that ϑ induces the line bundle isomorphism
The 1-form ϑ, and the hyperplane distribution C, are said to be precontact (resp. contact) if the vector bundle morphism ω ♭ : C → C * ⊗ L, X → ω(X, −), has constant rank (resp. is an isomorphism). A (pre)contact manifold is a manifold M equipped with a (pre)contact structure which is equivalently given by a (pre)contact distribution C or a (pre)contact 1-form ϑ on M . Any precontact manifold is endowed with a characteristic foliation F, namely the integral foliation of the involutive distribution
preserving the precontact distributions, i.e. such that (T ϕ)C = C ′ . Hence in particular the Lie subalgebra X C ⊂ X(M ) of infinitesimal precontactomorphisms of (M, C) consists of those vector fields X ∈ X(M ) such that [X, Γ(C)] ⊂ Γ(C).
2.1.
The Atiyah algebroid and the der-complex of a vector bundle. Let E → M be a vector bundle. A derivation of E → M is an R-linear map : Γ(E) → Γ(E) such that there is a (unique) X ∈ X(M ), called the symbol of and also denoted by σ( ), satisfying the Leibniz rule
for all e ∈ Γ(E) and f ∈ C ∞ (M ). The C ∞ (M )-module of derivations of E, denoted by DE, is actually the module of sections of a vector bundle DE → M . For any x ∈ M , the fiber (DE) x consists of the derivations of E at x, i.e. those R-linear maps δ : Γ(E) → E x such that there is a (unique) ξ ∈ T x M , called the symbol of δ and also denoted by σ(δ), satisfying the Leibniz rule δ(f e) = ξ(f )e x + f (x)δe, for all e ∈ Γ(E) and f ∈ C ∞ (M ). The rank of DE → M is given by rk(DE) = dim M + rk(E) 2 . Actually if x i are local coordinates on M and ε a is a local frame of 
• for any ∈ DE, the contraction ι , i.e. the degree (−1) derivation of Ω • E such that ι e = 0, and
, and ∆ ∈ DE. Furthermore the above operations of the Cartan calculus are related through the following identities:
, the de Rham complex of the Atiyah algebroid DE with values in its tautological representation in E, also called der-complex of E (see [7] ), is acyclic. Indeed, if ½ ∈ DE denotes the identity map, i.e. ½e = e, then a contracting homotopy is given by ι ½ , i.e.
[
Remark 2.1. Any derivation of E is actually a first order differential operator from Γ(E) to itself, so that DE is a vector subbundle of (
Fix vector bundles E → M and E ′ → M ′ . Let ϕ : E → E ′ be a vector bundle morphism, covering ϕ : M → M ′ . Assume that ϕ is regular, i.e. it is fiberwise invertible. Then the pull-back of sections
, for all δ ∈ DE, and e ′ ∈ Γ(E ′ ). Since ϕ and Dϕ are compatible with the tautological representations of DE and DE ′ , they determine a degree zero dg-module morphism ϕ * :
Remark 2.2. Let E → M be a vector bundle, and let S ⊂ M be a submanifold. Set E S := E| S → S, and consider the regular vector bundle morphism i S : E S → E, covering i S : S → M , given by the inclusion. Then the Lie algebroid morphism Di S :
is a dg-module epimorphism.
Let ϕ : E → E ′ be a regular vector bundle morphism covering a surjective submersion ϕ : M → M ′ with connected fibers. An Atiyah form η ∈ Ω • E is said to be basic wrt ϕ if there is a (unique) Atiyah
It is a straightforward computation in adapted local frames.
A smooth path t in DE generates the smooth 1-parameter family ϕ t of local vector bundle automorphisms of E → M , with ϕ 0 = id E , which is uniquely determined by
Notice that ϕ t , the smooth 1-parameter family of local diffeomorphisms of M covered by ϕ t , is the flow of the time-dependent vector field on M given by σ( t ). Moreover (2.2) extends into the following Lie derivative formula
Conversely, for any smooth 1-parameter family ϕ t of local vector bundle automorphisms of E → M , with ϕ 0 = id E , its infinitesimal generator is the time-dependent derivation t of E → M uniquely determined by (2.2).
Remark 2.4. The next Section 2.2 summarizes the line bundle approach to precontact geometry. In [10] this approach was inspired by the "presymplectization trick" in view of the existing connection between the der-complex of E and the homogeneous de Rham complex of E * which we are now going to outline. Let E → M be a vector bundle. Denote by E ∈ X(E * ) the Euler vector field on the total space of the dual vector bundle.
e → e, is defined by φ * e = φ, e for all φ ∈ Γ(E * ) and e ∈ Γ(E), where −, − denotes the duality pairing. The image of Γ(E) → C ∞ (E * ) consists of those functions f that are degree one homogeneous, i.e. E(f ) = f . A vector field X ∈ X(E * ) is said linear, or degree zero homogeneous, if [E, X] = 0. The space of linear vector fields, denoted by X lin (E * ), is both a C ∞ (M )-submodule and a Lie subalgebra of X(E * ). There is a canonical, C ∞ (M )-linear, Lie algebra isomorphism DE → X lin (E * ), → , defined by e = ( e), for all ∈ DE, and e ∈ Γ(E). Denote by
, also called the homogeneous de Rham complex of E * , is acyclic with a contracting homotopy given by ι E . Finally there is a canonical (degree zero) dg-module 2.2. Precontact geometry as presymplectic geometry on the Atiyah algebroid of a line bundle. Let L → M be a line bundle, and let ̟ ∈ Ω 2 L be such that ι ½ ̟ is no-where zero. This L-valued Atiyah 2-form ̟ is said to be presymplectic (resp. symplectic) if ̟ is d D -closed, and the vector bundle morphism 
Proof. It follows from (2.1) and the fact that σ : DL → T M is surjective with ker σ = ½ . Remark 2.6. The line bundle approach to precontact geometry, summarized in Proposition 2.5, was inspired by the presymplectization construction as we are going to briefly recall. Let ϑ be an L-valued contact (resp. precontact) form on M and let ̟ be the corresponding L-valued symplectic (resp. presymplectic) Atiyah form. In view of Remark 2.4, the dg-module isomorphism
identifies ̟ with a degree one homogeneous closed 2-form ̟ on L * . It is easy to see, in adapted local coordinates, that ̟ has maximal (resp. constant) rank over M := L * \0 M , where 0 M denotes the image of the zero section. Indeed the (pre)symplectic form ̟| M is the (pre)symplectization of the (pre)contact form ϑ.
Recall that a Jacobi structure on a line bundle L → M is a Lie bracket {−, −} on Γ(L) which is a derivation of L in both entries. Notice that a skew-symmetric bi-derivation
, is a vector bundle isomorphism. For more details about Jacobi structures see, e.g., [2, 3, 8] . Proof. Fix a skew-symmetric bi-derivation
. Then a straightforward computation shows that
COISOTROPIC SUBMANIFOLDS OF CONTACT MANIFOLDS
Let ϑ be an L-valued contact form on M , with associated contact distribution C and curvature form ω. Denote by ̟ the L-valued symplectic Atiyah form corresponding to ϑ according to Proposition 2.5. Fix a submanifold S ⊂ M , and set C S := C ∩ T S. Assume that the distribution C S on S has constant rank. The submanifold S is said to be coisotropic in (M, C) if C S ⊥ω ⊂ C S , where ⊥ ω denotes the orthogonal complement in C wrt ω. Any coisotropic submanifold S is endowed with the characteristic foliation F such that T F = C S ⊥ω .
Remark 3.1. Having assumed that C S has constant rank, we only consider in the contact setting coisotropic submanifolds whose characteristic distribution is non-singular. Additionally, in view of this initial assumption, only two possibilities exist for a coisotropic submanifold S: The first case actually describes the Legendrian submanifolds S of (M, C), i.e. the maximally isotropic submanifolds S of (M, C), so that T F = T S. The second case describes exactly those coisotropic submanifolds S of (M, C) that are called regular (cf. [2, Definition 5.10]).
The next proposition provides an equivalent characterization of regular coisotropic submanifolds. 
Proposition 3.2. Assume that C S has constant rank. Then the following conditions are equivalent: (1) S is a regular coisotropic submanifold of (M, C),
(2) ϑ S := ϑ • T i S = ϑ| T S is an L S -valued precontact form, with K ϑ S = C S ⊥ω , (3) ̟ S := i * S ̟ is a L S -
Proof. (1)⇔(2).
It is straightforward from the definition of regular coisotropic submanifold. Remark 3.3. Every regular coisotropic submanifold inherits a precontact structure. The Coisotropic Neighborhood Theorem [4] states that also the converse holds. Indeed for any precontact manifold (S, C S ) there exists (unique up to local contactomorphisms) a contact thickening, i.e. an embedding as regular coisotropic submanifold into a contact manifold. In particular, a contact thickening is associated with any choice of a distribution G on S complementary to T F (see, e.g., [2, Section 5.3]).
Let S be a coisotropic submanifold of a contact manifold (M, C). A smooth coisotropic deformation of S is a smooth 1-parameter family of embeddings ϕ t : S → M , with ϕ 0 = id S , such that ϕ t (S) is coisotropic in (M, C). Two smooth coisotropic deformations ϕ ′ t and ϕ ′′ t are identified if ϕ ′ t (S) = ϕ ′′ t (S). Notice that any contact isotopy of (M, C), i.e. any smooth 1-parameter family ψ t of contactomorphisms of (M, C), with ψ 0 = id M , induces the smooth coisotropic deformation of S defined by ϕ t := ψ t | S . A smooth coisotropic deformation is called trivial if it simply consists of diffeomorphisms of S. Being interested only in small deformations of S, it is possible to assume to work within a tubular neighborhood τ : M → S of S in M . In this restricted setting, a section s : S → M of τ is an infinitesimal coisotropic deformation of S if the image of εs is coisotropic up to infinitesimal O(ε 2 ), where ε is a formal parameter.
3.1. An example of obstructed coisotropic submanifold. In this one and the following Section 4.1 we present what can be seen as the contact analogue of Zambon's example [12] . In doing this we closely follow the original approach in the symplectic case.
Let (M, C) be the contact manifold, where M := T 5 × R 2 , and C is the kernel of the contact 1-form ϑ := sin x 1 dx 2 + cos x 1 dx 3 + y 4 dx 4 + y 5 dx 5 , with (x 1 , . . . , x 5 ) and (y 4 , y 5 ) denoting the standard coordinates on T 5 and R 2 respectively. It is easy to see that S := T 5 × {0} ≃ T 5 is a regular coisotropic submanifold, and its precontact structure C S is the kernel of the precontact 1-form ϑ S := sin x 1 dx 2 + cos x 1 dx 3 . Denote by F the characteristic foliation of (S, C S ).
The global frame
identifies with (T * F, ker(τ * ϑ S + ϑ G )), i.e. the contact thickening of S associated with G = span{∂/∂x 1 , ∂/∂x 2 , ∂/∂x 3 }.
The small coisotropic deformations of S in (M, C) are given by the coisotropic sections of τ : M → S, i.e. those sections whose image is coisotropic wrt C. A straightforward computation shows that a section s = f d F x 4 + gd F x 5 is coisotropic iff f, g ∈ C ∞ (T 5 ) satisfy the following non-linear first-order pde ∂f The reader is refereed to [3] for more details about the BFV-complex attached to a coisotropic submanifold, in the more general setting of Jacobi manifolds, and its role in the coisotropic deformation problem.
Linearizing (3.1), we see that the infinitesimal coisotropic deformations of S in (M, C) are described exactly by those sections s t . Then, integrating (3.1) over (x 4 , x 5 ) ∈ T 2 , we get the following necessary condition for the prolongability of s: . See also [2] for details about the L ∞ -algebra attached to a coisotropic submanifold, in the more general setting of Jacobi manifolds, and its role in the coisotropic deformation problem.
, with f := cos x 2 , and g := sin x 2 . Clearly s satisfies (3.2), and so it is an infinitesimal coisotropic deformation of S. However s is not prolongable to a smooth coisotropic deformation because it fails to fulfill (3.3). Indeed, in this case, the rhs of (3.3) is equal to
The above discussion is summarized by the next proposition.
Proposition 3.6. The coisotropic deformation problem of S is obstructed, i.e. there exists an infinitesimal coisotropic deformation of S which cannot be prolonged to a smooth coisotropic deformation of S.

INTEGRAL COISOTROPIC SUBMANIFOLDS OF A CONTACT MANIFOLD
A coisotropic submanifold S of a contact manifold (M, C) is said to be integral if the characteristic foliation F of S is simple, i.e. there is a (unique) structure of smooth manifold on the characteristic leaf space S/F such that the quotient map S → S/F is a surjective submersion. In other words there is a surjective submersion π : S → B, with connected fibers, such that T F = ker T π. This notion of being integral applies verbatim to precontact manifolds as well.
Remark 4.1. All Legendrian submanifolds are integral. Indeed a connected Legendrian submanifold S has only one characteristic leaf: S itself. On the contrary for a regular coisotropic submanifold the condition of being integral is generically non-trivial and it depends only on its inherited precontact structure. Actually a regular coisotropic submanifold S of (M, C) is integral iff S is an integral precontact manifold when equipped with the precontact structure inherited from (M, C). The following Proposition 4.2 leads to an equivalent characterization of integral regular coisotropic submanifolds.
Let ϑ be an L-valued contact form on M , with associated contact distribution C and curvature form ω. Denote by ̟ the L-valued symplectic Atiyah form corresponding to ϑ within Proposition 2.5. 
Proposition 4.2 (Contact Reduction). Let S be a regular coisotropic submanifold of (M, C). For any surjective submersion π : S → B, with connected fibers, the following conditions are equivalent: (1) S is integral with T F = ker T π, (2) there is a (unique) contact distribution
for all x ∈ S and ξ 1 ,
(2)⇔(3). We concentrate only on (2) 
Let S be an integral coisotropic submanifold of a contact manifold (M, C), with characteristic foliation F. A smooth coisotropic deformation ϕ t of S is called integral if the coisotropic submanifold S t := ϕ t (S) is integral, with characteristic foliation F t , and additionally ϕ t induces a diffeomorphism from the characteristic leaf space S/F of S to the characteristic leaf space S t /F t of S t . Hence, in particular, for a smooth integral coisotropic deformation ϕ t , all the characteristic leaf spaces S t /F t are diffeomorphic to each other. Notice that, if a smooth coisotropic deformation ϕ t of S is induced by a contact isotopy ψ t , then ϕ t is integral. On the contrary, in general, a smooth coisotropic deformation of an integral regular coisotropic submanifold can fail to be integral as shown by an explicit example in Section 4.1 (see also Proposition 4.3). As already mentioned, being interested only in small deformations of S, we can assume to work within a tubular neighborhood τ : M → S of S in M . In such setting, a section s : S → M of τ is an infinitesimal integral coisotropic deformation of S if the image of εs is integral coisotropic up to infinitesimal O(ε 2 ), where ε is a formal parameter. , Y } is the kernel of the contact 1-form ϑ B := sin x 1 dx 2 + cos x 1 dx 3 . Hence in particular the characteristic foliation F of (S, C S ) is the fibration in 2-tori provided by π.
Let s = f d F x 4 + gd F x 5 be an arbitrary coisotropic section. The image S ′ of the coisotropic section s and its inherited precontact 1-form ϑ| T S ′ identify with S and the precontact 1-form s * ϑ = cos x 1 dx 2 + sin x 1 dx 3 + f dx 4 + gdx 5 respectively. The characteristic foliation F ′ of (S, ker(s * ϑ)) is the integral foliation of the rank 2 distribution given by
As a consequence, each leaf L of F ′ is bi-dimensional and transverse to the fibers of the projection p :
Hence an arbitrary leaf of F ′ can only be diffeomorphic to R 2 , R × T 1 or T 2 . Consider the smooth 1-parameter family of coisotropic sections s t := t sin x 1 d F x 4 , with t ∈ R. According to (4.2) , the characteristic foliation F ′ t of (S, ker(s * t ϑ)) is determined by
Fix arbitrarily t ∈ R, a leaf L of F ′ t , and a curve γ(u) in L, with γ(0) := x. In view of (4.3), there exist a, b ∈ C ∞ (R) uniquely determined bẏ
Consequently the curve γ is closed iff there exists u 0 > 0 such that
Since p| L : L → T 2 is a covering map, it follows that (p|
) is a group monomorphism. In view of the latter, if L is diffeomorphic to T 2 , then there is a closed curve γ in L, with γ(0) = x, such that (2π) −1 u 0 0 a(u)du ∈ Z \ 0, and so t has to be rational. Conversely, if t / ∈ Q, then all the leaves of F ′ t are diffeomorphic to R × S 1 , so non-compact, and the precontact manifold (S, ker(s * t ϑ) is not integral.
The above discussion shows that there exist coisotropic submanifolds of (M, C), arbitrarily close to S, which are not integral. This leads to the following proposition.
for all ∈ Γ(K 0 ) = Γ(ker(Dπ)) ⊂ DL 0 . As a consequence, in view of Equation (2.1) and Lemma 2.3, there is a smooth path λ t in Γ(L 0 ) such that
, and so, a fortiori,
annihilates K 0 ⊂ DL 0 . The above assumption 1) guarantees that there is a smooth path λ t in Γ(L) such that λ t = ϕ * t λ t , and so also ι(φ t )̟ − d D ( λ t | St ) ∈ Ω 1 Lt annihilates K t ⊂ DL t . Since K ⊥̟ t = DL t (cf. Proposition 3.2), the latter can be equivalently rewritten aṡ
Recall that ∆ λt := (̟ ♭ ) −1 (d D λ t ) = J ♯ (j 1 λ t ) = { λ t , −} is a time-dependent Hamiltonian derivation of the Jacobi bundle (L, J) (cf., e.g., [2, 3, 8] ). Hence it generates a smooth 1-parameter family of local automorphisms ψ t of the Jacobi bundle (L, J) which covers the contact isotopy ψ t of (M, C) generated by the time dependent contact vector field X λt = σ(∆ λt ). Finally, from what above and (4.5), it follows that S t := ϕ t (S) coincides with ψ t (S).
The above discussion shows that locally every smooth integral coisotropic deformation of S is induced by a contact isotopy of (M, C). Since the remaining Legendrian case is already well-known, this leads to the following. As a by-product of the above discussion we also get the following. . The same argument used to get (4.5) implies now that, modulo DL S , any of this kind agrees with an Hamiltonian derivation ∆ λ of (J, L), for some λ ∈ Γ(L).
Remark 4.7. It is possible to compare Proposition 4.6 with the analogue result in the symplectic case (cf. [6] ). On the symplectic side, for a compact integral coisotropic submanifold S with characteristic foliation F, its local moduli space under Hamiltonian equivalence consists of the elements of H 1 (F) that, seen as sections of a vector bundle over B = S/F, are flat wrt the Gauss-Manin connection. Similarly on the contact side, for a compact integral coisotropic submanifold S with characteristic foliation F, the local moduli space of S under contact equivalence consists of the elements of H 1 (F; L S ) that, seen as sections of a vector bundle over B, are flat wrt a certain connection along DL B , but now it turns out that there are no non-zero flat sections.
